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Abstract
In (Bor in Int. J. Math. Math. Sci. 17:479-482, 1994), Bor has proved the main theorem
dealing with |N¯,pn|k summability factors of an inﬁnite series. In the present paper, we
have generalized this theorem on the ϕ – |A,pn|k summability factors under weaker
conditions by using an almost increasing sequence instead of a positive
non-decreasing sequence.
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an be a given inﬁnite series with the partial sums (sn). We denote by tn the nth
(C, ) mean of the sequence (sn). The series
∑




nk–|tn – tn–|k <∞. ()












deﬁnes the sequence (σn) of the (N¯ ,pn) mean of the sequence (sn), generated by the se-
quence of coeﬃcients (pn) (see []). The series
∑







|σn – σn–|k <∞. ()
Let A = (anv) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal en-
tries. Then A deﬁnes the sequence-to-sequence transformation, mapping the sequence
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anvsv, n = , , . . . . ()
The series
∑







¯An(s) = An(s) –An–(s).
Let (ϕn) be any sequence of positive real numbers. The series
∑
an is said to be summable





If we take ϕn = Pnpn , then ϕ – |A,pn|k summability reduces to |A,pn|k summability. Also,
if we take ϕn = Pnpn and anv =
pv
Pn , then we get |N¯ ,pn|k summability. Furthermore, if we
take ϕn = n, anv = pvPn and pn =  for all values of n, ϕ – |A,pn|k reduces to |C, |k summa-
bility. Finally, if we take ϕn = n and anv = pvPn , then we get |R,pn|k summability (see
[]).
Before stating the main theorem, we must ﬁrst introduce some further notations.
Given a normal matrix A = (anv), we associate two lower semimatrices A¯ = (a¯nv) and




ani, n, v = , , . . . ()
and
aˆ = a¯ = a, aˆnv = a¯nv – a¯n–,v, n = , , . . . . ()
Itmay be noted that A¯ and Aˆ are thewell-knownmatrices of series-to-sequence and series-














Many works have been done dealing with |N¯ ,pn|k summability factors of inﬁnite series
(see [–]). Among them, in [], the following main theorem has been proved.
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TheoremA Let (Xn) be a positive non-decreasing sequence and let there be sequences (βn)
and (λn) such that
|λn| ≤ βn, ()
βn →  as n→ ∞, ()




are satisﬁed. Furthermore, if (pn) is a sequence of positive numbers such that





|sn|k =O(Xm) as m→ ∞, ()
then the series
∑
anλn is summable |N¯ ,pn|k , k ≥ .
3 Themain result
The aimof this paper is to generalize TheoremA for ϕ– |A,pn|k summability underweaker
conditions. For this, we need the concept of an almost increasing sequence. A positive se-
quence (cn) is said to be almost increasing if there exists a positive increasing sequence (bn)
and two positive constants A and B such that Abn ≤ cn ≤ Bbn (see []). Obviously, every
increasing sequence is an almost increasing sequence but the converse need not be true
as can be seen from the example bn = ne(–)
n . Also, one can ﬁnd some results dealing with
absolute almost convergent sequences (see []). So, we are weakening the hypotheses of
Theorem A replacing the increasing sequence by an almost increasing sequence. Now, we
shall prove the following theorem.
Theorem Let A = (anv) be a positive normal matrix such that
a¯n = , n = , , . . . , ()



















|sn|k =O(Xm) as m→ ∞, ()
are satisﬁed, then the series
∑
anλn is summable ϕ – |A,pn|k , k ≥ .
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Remark It should be noted that if we take (Xn) as a positive non-decreasing sequence,
ϕn = Pnpn and anv =
pv
Pn , then we get Theorem A. In this case, conditions () and () reduce
to conditions () and (), respectively. Also, the condition ‘( ϕnpnPn ) is a non-increasing
sequence’ and the conditions ()-() are automatically satisﬁed.
Lemma [] Under the conditions on (Xn), (βn) and (λn) as taken in the statement of the
theorem, we have the following:




Proof of the Theorem Let (Tn) denote A-transform of the series
∑






















= Tn() + Tn() + Tn().





∣∣Tn(r)∣∣k <∞ for r = , , .





































































































= O() asm→ ∞,
by virtue of the hypotheses of the theorem and the lemma. Again, applying Hölder’s in-














































































































= O() asm→ ∞,
















= O() asm→ ∞.
This completes the proof of the theorem. If we take ϕn = Pnpn , thenwe get a result concerning
the |A,pn|k summability factors. If we take anv = pvPn , then we have another result dealing
with |N¯ ,pn,ϕn|k summability. If we take anv = pvPn and pn =  for all values of n, then we get
a result dealing with |C, ,ϕn|k summability. If we take ϕn = n, anv = pvPn and pn =  for all
values of n, then we get a result for |C, |k summability. 
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